3. INDEFINITE INTEGRATION g

\; Let us Study J
\

e Definition and Properties

e Different Techniques : 1. by substitution 2. by parts 3. by partial fraction
Introduction :

In differential calculus, we studied differentiation or derivatives of some functions. We saw that

derivatives are used for finding the slopes of tangents, maximum or minimum values of the function.

Now we will try to find the function whose derivative is known, or given f (X). We will find g (X)
such that g' (X) = f (X). Here the integration of f (X) with respect to X is g (X) or g (X) is called the primitive

d
of f (X). For example, we know that the derivative of X3 w. . t. X is 3% So ™ x® = 3x?; and integral of
X

3x?W. r. t. X is X3. This is shown with the sign of integration namely ' f '. We write f 3x%-dx = X3,
In this chapter we restrict ourselves only to study the methods of integration. The theory of

integration is developed by Sir Isaac Newton and Gottfried Leibnitz.

f f (x)-dx = g (x), read as an integral of f (X) with respect to X, is g (X). Since the derivative of constant
function with respect to X is zero (0), we can also write

f f (x)-dx =g (x) + ¢, where C is an arbitarary constant and ¢ can take infinitely many values.

A

Y
For example :

f (X) = X? + ¢ represents familly of curves for

different values of C.

f' (X) = 2x gives the slope of the tangent to
f(x)=x*+c.

In the figure we have shown the curves

y=xt, y=xt+4,y=x"-5. <

Note that at the points (2, 4), (2, 8) (2, —1) k
respectivelly on those curves, the slopes of tangents
are 2 (2) = 4.

Fig. 3.1.1
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3.1.1 Elementary Integration Formulae

. d /x"! (n+1)x"
M = T n#-l
dx\n+1 (n+1) 1
= X = o [xtdx= +c
n+1
d ((ax+b)“”j _ (n+1)(@ax+b)"
&  (n+1)-a ) (n+1)
(ax + b) [ax+ by =D 1
= n = . ngX=—— —
n+1 a
This result can be extended for n replaced by any rational P .
d ( a* ax
(i) — =a,a>0 = . [a-dx= +c
dx \ loga loga
ax+b
Ao dx = —+¢,A>0
d logA a
(i) —ex=e = [ex-dx=ex+c
dx 1
feax+b_dX=eax+b__+C
d a
(iv) d—sinX=cosX = fcosx-dx=sinx+c
1
fcos(ax+b)-dx:sin(ax+b)-5+c
d
(V) — €Os X =—sin X = fsinx-dx=—cosx+c
dx 1
fsin(ax+b)-dx=—cos(ax+b)-g+c
d
(vi) &tanX: sec? X = fseczx- dx=tanx + ¢
1
fsecz(ax+b)-dx:tan(ax+b)-—+c
d a
(vii) d—secX:secX'tanX = fsecX-tanX-dX=secX+C
X
1
fsec (ax + b)- tan (ax + b)-dx =sec (ax + b)- —+¢C
d a
(viii) d—cosecX:—cosecx~cotx = fcosecx-cotx-dx:—cosecx+c
X
1
fcosec(ax+b)-cot(ax+b)-dX:—cosec(aX+b)-a+C
d
(ix) d—cotX:—coseczx = fcoseczx-dX:—cotX+C
X
1
fcosecz(ax+b)-dX:—cot(aX+b)-g+C
d 1 1
(x) —logx =—,x>0 = f—dleogx+c,x¢0.
X X

dx

1 1

alsof -dx=1log (ax+h)- —+c
(ax +b) a

We assume that the trigonometric functions and logarithmic functions are defined on the

respective domains.
o S
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3.1.2

4 \

Theorem 1 : Iffand g are real valued integrable functions of X, then

f[f(x)"'g(x)]'dX=ff(X)-dx+fg(x).dX

Theorem 2 : Iffand g are real valued integrable functions of X, then

JUE) =g ()1 - dx=[f(x) - dx— [g () - dx

Theorem 3 : Iff and g are real valued integrable functions of X, and K is constant, then
JKIT@1-dx=k [ f(x)-dx
Proof : 1. Let ff(x) ~dx=g, (X) +c, and f g(x)-dx=g,(x)+c, then
S e o=t and L IG,0+c)] =90
1o, @+ ) + (6,09 +c)]
SR CHORE) PR (CRORES)
=f()+9 ()
By definition of integration.
(9, ) +¢c)+(g,(x) +¢,)

[T dx+ [ g(x) - dx

Note : Students can construct the proofs of the other two theorems (Theorem 2 and Theorem 3).

[ ) +9x

. J

@) SOLVED EXAMPLES ]

Ex.:  Evaluate the following :

1. [(x3+3%) - dx
Solution : [(x3+3%) - dx
= [x®dx+ [3% dx
x* 3

= —+ +C
4  log3

= &
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1 1
inX+—+ .
2. f(smx < T_Xj dx
Soluti i : —3—1 d
: +—+ .
olution : j(SIHX X &j X

1 1
= fsinx-dx+f;- dX+JW' dx
1

1 o1
- fsinx-dx+f;- dx+fx 3. dx

—
= —cosX+10gX+—1 +C
-—+1
3

2

X3
= —cosX+10gX+T+C

3. f(tanx+cotx)2-dx

Solution : [(tan x+ cot x)” - dx
= f(tan2 X + 2 tan X-cot X + cot® X) - dx
= f(tanszrZJrcot2 X) - dx
= f(seczx—1+2+coseczx—l)-dX
= [(sec? x + cosec? x) - dx
= fsec2 X - dx + fcosec2 X - dx
= tan X+ (—cotXx)+cC

= tanX—cotX+cC

3
\/X_+1 fe4logx_e510gx
4. X 5, X
\/; . 1 - fe4logx_ e5logx
ion - ) Solution : — - dx
Solution : fx+\/f dx NG
_ elogx4_elogX5
- VX +1 i _ fT dx , s aleal 0 =f (x)
VX (Vx +1)
X4_X5
fl d i f( x jldx
= & X 1
= . m X
= log(x)—x+c
= 2+x+c
2X+ 3
6. fX - dx 2 2
5x—1 _ - _ =
2X+3=—0Bx-1)+3+
N . 5 5
Solution : E:Q+E 17
5 0
2 | = f—+ S | dx
5 5 5x — 1
(5x—1)] 2x+3 2o 17 1
— 2X—£ = EX+?10g(5X_1)'€+C
5
_ + 2 171 .
= —X+— - +
2 17 5x o5 og(5x—1)+c
3+——?
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Solution :

- dx

f\/3x+1—\/3x—5

f - dx
V3Xx+1—-+3x-5

:f[\/3x+1—\/3x—5
V3x+1++/3x-5

1 j_(\/3x+1+x/3x—5
V3Xx+1++3x—5

- dx

V3x+1++4/3x—-5

3X+1-3x+5

- dx

6

:%-f[@x + 1)% +(3x — 5)%) - dx

1

1
6

1
18

1
27

9.

-4

:E-UGX + 1)%- dx + [(3x — 5)% : dx}

( 1 1
(3x+1)2 (3x—15)2

(2] (3]

+1 +1

+C

2 32 3
-«3(3x+1)2 +§(3x—5)2 +C

{(3x+ 1)2 +(3x — 5)3}

X3

[

- dx

Solution :

Get More Lear

x3—1+1
Xx—1

x—1 1
+

).dx

(x—l)(x2+x+1) 1

j-dx
x—1) x—l
f j-dx

X3 X
—+_—+Xx+tlog(x—1)+c
3 gx=1)

x—1 x-—1

5
J
J

X2+ X+ 1+
x—1

4

ning Materials Here : &

=

j.dx

g JZX—7
' V3x—2

Solution : Express (2x — 7) in terms of (3X — 2)

- dx

2 —23 2 —4
— /= — J’_ —
X=7=g (X=2)t g7

N
=3 (X=2) 73

[ 2 17
. 3(3x—2)—3 .
V3x—2
2 17
_ 3(3x—2) 3 |
L V3x—2  V3x-2
= 3X — dx
Zf 1 17 1
=—|(3x—=2)% -dx ——
( ) V3X — 2
2 21 17
M———z (V32) 5 +c

B

= —(3x — ——(3x — +
273X 2)7 (32T +
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11. fcos3 X - dx

Solution :  cos 3A =4 cos*A — 3 cosA

1
— (cos 3x + 3 cos X) - dx
4 (

1

= Z(Sin3X-§+3'SinX)+C
1 ; 3

- — +— +
125111 X 4SIHX C

13, [sin*x - dx
Solution :

[ (sin? x)? - dx

f(l(l — Cos 2X)j - dx

f(l 2 cos 2x + cos? 2X) - dx

1
_ﬂl—2cosZX+E(l+cos4X)]dX

I 1
- +—+— :
f (1 2 cos 2X 5+ cos 4XJ dx

3 1
(E—2cos 2X+Ecos4xj-dx

2 2 4
3

4>|~4>|-4>|»—4>|~4>|~4>|

3 1 1 1
{EX 2 sin 2X - — + — sin 4X - —}+C

—sm2X+—s1n4X}+C

12, [NT+sin3x - dx
Solution :
3X 3X 3X
| f cos —+sm —+2sm— cos—- dx
2 2
3X 3X
= f cos —+s1n—) dx
3x 33X d
fcos 5 sin > X
S 1 33X 1
= sm?-g —cos7-3 +c
2 2
2 ( 3 3X
= E sm;—cos; +C
14. fsin 5x - cos 7x -dx

Solution : We know that

2sinA - cos B=sin(A+B)+sin(A—B)

1

5 f2 sin 5X - cos 7x - dx

1

5 f[sin (5x + 7X) + sin (5x — 7X)] - dx
1

5 [[sin (12x) + sin (~2x)] - dx

1
5 [ (sin 12x = sin 2x) - dx

1 1 1

— .= —+ — |+

5 cos 12x - B cos 2X - > c
1 1

- +— +
4 cos 12x 4 cos 2X +C

fsin3 X — cos® X

- - dx
sin? X-cos? X

) sin® X cos® X
Solution: 1= - —— - dx
sin® X-cos? X  sin? X-cos? X

sinX  cos X
- 2y inly | dx
cos?X  sin® X

15.

.
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1 sin X 1 cos X
. - — - — - dx
COSX CcOsX sinX sinX
f(sec X - tan X — cosec X - cot X) - dx
sec X — (—cosec X) + C

sec X + cosec X +C
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1 cos X
o [ o )
1 —sinXx 1 — cos X
Solution : Solution :
1 1 +sin X cos X 1 + cos X
| = ; ; - dx | = - dx
1 —sin X 1 +sin X 1 —cos X 1 + cos X
1+ sin X cos X (1 + cos X
[, [t
1 —sin? X 1 — cos? X
1+ sin X 2
_ f—z'dx _ f( cos X + cos X)j_dX
1 sin X Cos X  cos?X
cos’X  cos?Xx sin?X  sin®? X
= f(secz X + sec X - tan X) - dx = f(cosec X - cot X + cot? X) - dx
= tanX+secX+C = f(cosecx-cotx+coseczx—1)-dx
= (—cosecX)+(—cotx)—x+cC
= —cosecX—cCotX—X+¢C

Activity :
COS X — cOos 2X
18. — - dx
1 —cos X
. COS X — cos 2X
Solution : — . dx
1 —cos X
cosSX— (.ot
= f ( ) dx
1 —cos X
COSX ™ v v
= J dx
1 —cos X
f cosX(1l—cosx)+ ..........
= - dx
1 —cos X
_ ﬂcos MRIRETIIe, d
1 —cos X

f[cosx+ (1 +cos x)] - dx

f(1+ZCosX)-dX

= X+2sinX+¢C

= &
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19. fsin’1 (cos 3x) - dx 1 — sin X
) 21. ftanl — - dx
Solution : 1 + sin X
T Solution :
| = fsin‘1 sin —— 3x | - dx
2 _ _
L1 cos[ X]
- | = tan - dx
= f(?—ij-dx I+ cos (7 =X
T X2 = .[ tan™! 2 sin” [% %j - dx
T X
= ?x—3?+c 20052[7 7]
T X
sin 2x = f tan™! [tan?| — —) dx
20. tan”' | —— | - dx 4 2
1 + cos 2X
T
Solution : = jtan‘{tan (T — 7]} - dx
1 + cos 2X
| = cot!|———— |- dx T X
sin 2X = 7o) dx
= fcot‘l(Lszxj-dx T _L X_z
2 sin X - cos X - 4X 2'2+C
= f cot™' (cot x) - dx T X2
= —X-—+¢C
X2 4 4
x - dx 5 te
{EXERCISE 3.1}

I. Integrate the following functions W. I t. X :

2 2
1) xX+x2—x+1 (ii) xz(l——j
1 X
iii) 3 X——+——7
(iii) 3 sec? VX
) 253 5+3 4 3x3—2x+5
X3 —5X+ —+— —
(1v) X+X5 (v) X

II. Evaluate :

(i f sin 2X

CoS X

i) f cos 2x

(i) [tan?x - dx
(m)f sin X d
il - dx
0s? X sin? X
sin X

) jsmzx cos? X o (v) -[1+s1nx o

tan X

(vii) j —————dx (viii) [VI+sin2x-dx
sec X + tan X

(ix) [¥T—cos2x - dx  (x)fsin4x-cos 3x-dx

.
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III. Evaluate :

X
0 [
5x + 2
(iii)f3x_4 - dx
2X—17
™ fm'dx
(vii) [T +sin5x - dx

: f 2
(IX) \/Y——\/XT\?) dx

f 3
®) == v—s =

4x + 3
(i J 2x+1°
(lV) J\/— dX
i) J sin 4X

coS 2X

(viii) fcos? x-dx

3 11
IV. f'(X):X—?,f(l)=7thenﬁndf(x).
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3.2 Methods of integration :

We have evaluated the integrals which can be reduced to standard forms by algebric or trigonometric
simplifications. This year we are going to study three special methods of reducing an integral to a

standard form, namely —
1. Integration by substitution
2. Integration by parts
3. Integration by partial fraction
3.2.1 Integration by substitution :
Theorem 1 : Ifx = ¢ (t) is a differentiable function of t, then [f(x) - dx = [ [¢ ()] ¢' (t) dt.
Proof : X = ¢ (1) is a differentiable function of't.
dx
i o' ()
d
Letff(x) dng(x):&[g(x)]zf(x)

By Chain rule,
d d dx
<lo0] = loWl- o
dx
=f(x) —
0 ¢

=f[o ] ¢' (1)
By definition of integration,
g0)=Jf[¢ M- ¢ (O - dt
[109 - dx=[fLo O] ¢ (1) dt

For example 1 : [3x2 sin (x3) - dx
3x2 dx = dt
= [sint - dt

=—cost+c

=—cos (X}) +c¢C

= &
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Corollary | :
If [f(x) - dx=g (x) +¢C

1
thenff(ax+b)-dx:g(ax+b)g+c
Proof : LetI= [f(ax+b) - dx
put ax +b =t

Differentiating both the sides

1
a-dx=1-dt:>dx:§dt
1
o= (f@) —-
[t - dt
1
_;ff(t)-dt
=7 90+
1
=—. +b) +
a g(ax+hb)+c
1
ff(ax+b)-dx=g(ax+b)g+c
For example : [sec? (5x — 4) - dx
1
:gtan(SX—4)+C

Corollary 111

jf'(X)d =1 f +
f(X)-X_ Og( (X)) c

f'(x)
f ()
put f(x) =t

Proof : Consider -dx

Differentiating both the sides
f'(x)-dx =dt

1
R
t

=log (t) + ¢

=log (f(x) +c

.y
Jf(i);)-dx=log(f(x))+c

Corollary 11 :
nel
JLEEo1- f'(x)-dx:%+c, n#-1
Proof : LetT=[[f(x)]"*" - ' (x)-dx
put f(X) =t
Differentiating both the sides
f'(x)-dx = dt
| =[] dt

tn+1

= +cC, n#-1
n+1 7

LS
“Thyg ¢

[f(><)]““+
n+1

co JIEEOT - f (x)-dx =

(sin "'x)3

T-%

1
= f [(sin 'x)?] - ( == ij- dx

o 1 y)4
_ (sin 'x) N
4

dx

For example : j

C

For example : [cotx - dx
CcosS X
= - . dx
Sin X
d

— sin X = cos X

dx

d .
:f &smx_dX
sin X

=log (sinx) + ¢

. .
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Corollary IV

f'(x)
j-W-dXZZVf(X)+C

f'(x)
Proof : Consider

Vi)

-dx

put f(x)=t
Differentiating both the sides
f'(x)-dx =dt

=2~f(x)+c

f'(x) _
W-dX—Z\/f(X)+C

£
f(

Using corollary 111, f

functions.

3.2.2 Integrals of trignometric functions :

1. [tan x - dx

Solution :

| = ftanx-dx

sin X
= - dx
cos X

—sin X
= - - dx
cos X

= —log(cosXx)+cC

= log(secx)+cC

For example : f .
XV log X

=2+logx+c

(x)
X) -dx = log ( f (X)) + ¢ we find the integrals of some trigonometric

Activity :

2. [cot (5x — 4) - dx
Solution :

E— - dx

1
= 3 log [sec (5x — 4)]+¢C
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3. [sec x - dx =log (sec X + tan X) + C

Solution :  Let I = [sec x - dx

(sec X) (sec X + tan X)

sec X + tan X
fseczx+secx-tanx

sec X + tan X

fsecx-tanx+seczx
= . X
sec X + tan X

d
d—(secx+tanx)=secx-tanX+secZX
X

[sec x - dx =log (sec X + tan X) + C

Also,
X T

[sec x - dx = log [tan (7 + Tﬂ +cC

@) SOLVED EXAMPLES |

Ex.:  Evaluate the following functions :
cot (log x
X
cot (log X
Solution : LetI :f(Tg) - dx
put logx =t
1
—-dx=1"-dt
X
= fcot t - dt

=log (sint) +c

= log (sin log x) + ¢

Get More Learning Materials Here : &

Activity :
4. [cosec X - dx = log (cosec X — cot X) + C

Solution :  LetI= Jcosec X - dx

(cosecX) (..ovonnn.. )
_ J’ ................ - dx

dx

= log (cosec X —cot X) +C

Jcosec x - dx = log (cosec X — cot X) + C
Also,

X
fcosec x - dx = log tan? +cC

fco\s&\/Y

Solution : LetI=J

2. - dx

cos VX
VX

- dx
put Vx=t

1
Z—W-dx—l-dt

1
\/—?-dX—Z-dt

=2 fcost-dt

=2-sint+¢C

=2 -sinVXx+c¢

.
=X
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sec® X
3. - dx
cosec X
Solution : | = Jsec7 X - secX -

1
= | sec’ X -
CoS X

= [sec” X - tan X - dx

1

cosec X

- sin X - dx

= [sec® x - sec X - tan X - dX
put secx=t

sec X - tan X - dx = dt

= [te - dt
t7
=—+
7 c
sec’ X
= +C
7
5, f55x-5X-dx
Solution : I=f55x-5x-dx
put 5=t
5 -log5-dx=1dt
5¢.dx= - dt
X log 5
B R
- . log 5 .
= - )5t dt
log 5 I
1 - 1
= . . +
log 5 log 5 ¢
1 2 X
= . G5 +
(logS} > e
. fex(1+x)
' cos (X - &)
Solution: put x-e*=t
Differentiating both sides
(x-ex+e - 1)-dx=1dt

e (1+x) - dx=1dt

1
4 wa;'dx
. f 1
Solution: | = x+\/Y'dX

1
e

put Vx+1=t
1
T&dx:ldt
1
— . dx=2-
7x dx dt

1

t
1
t

=2-log(t)+c
=2-log(Wx+1)+c
1
6. J —- dx
1+e
1
Solution: I = f —. dx
1+e*

1
= J " - dx
1+
1
J e+ 1 - dx
o

_f ¢ 4
= ex+1.x

%(eul) -dx = e

=log[e*+1]+cC

1
S
cos t

= [sect - dt
=log (sect+tant) +c

= log (sec (xe¥) + tan (xe¥)) +C
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1 9. X+2)Vx—4-d
8 J——'dX f(x )X "
3X + 7x™" )
1 Solution: put x—4=t
Solution : ConSIderfm-dX X=4 +t
Differentiate

1 1

=f 7'dX=IW'dX 1-dx=1-dt
X+ —

X" X" = [[3@4+t)+2] T dt
_fx_“ 1
HEITE = [(4+3t) 12 -dt
put 3x™!' +7=t 1 3
- - = 14t2 +3t2 | - dt
Differentiate w. r. t. X
3(n+1)x"-dx =dt 3 S

t2 t2
X0 - dx = dt = 3= +3 5 dx
3(n+1) — —
2 2
1
3 5
=J3(n+1) - dt = ﬁ(x—4)7+£(x—4)7+c

t 3 5

= ~log(t)+c
30+ 1) og (t)
= -log (3™ +7) +c¢
30D og (3x' +7)
sin (X + a)

o [

Solution :

cos (X — D) F

sin [(x —b) + (a + b)]
cos (x — b) '

J

sin (X —b) - cos (a + b) + cos (X — b) - sin (a + b)

J

sin (X —b) - cos (a + b)

cos (X —b)

cos (X —Db) - sin(a + b)

J|

cos (X — b)

cos (X — b)

[[cos (a + b) - tan (x — b) + sin (a + b)] - dx

cos (a+b) - log (sec (x — b)) + x-sin (a+ b) + ¢
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e+ 1 1
11. J - dx 12. — - dx
e — 1 1 —tan X
Solution : Solution :
| fex_1+2 d 1
= | — - dx = — .
er—1 I = sin X dx
e—1 2 cos X
:f + - dx
er—1 e —1 _f cos X
2 ~J cosx—sinx
:f 1+ - dx
e —1 _ cos X d
[d +J 2 ] B \/7(1 1 j X
= X — . dx — -
(- \ECOSX @cosx
e—X
=I1dx+2f o - dx :L COS X e
V2 coszcosx—sinzsinx
put (1-e>)=t
Differentiate w. r. t. X _cosX
(o) (17 . Ay — - dx
e (-1)-dx=1dt \/_ cos
e*-dx=1dt
T
1 putx+— .'.X=t——
| :fldx+2JT-dt 4 4
Differentiating both sides
=x+2-log(t)+c 1-dx = 1-dt
=x+2log(l—e*)+cC cos[t—T
: 4 dt
e+ 1 == cost
fex—l -dx=x+2log(l—e*)+c V2 cos t
T
cos t: cos L sin t-sin —
4t
\/_ cost
== || =+ =tant |-dt
il
1
:ﬁ T[t+10g(sect)]+c
iari |
- X+—+ ogsec| X+ +cC
21 4 ( 4j

acos X + b sin X

To evaluate the integrals of type j : - dx, express the Numerator as
C cos X + d sin X

Nr =X (Dr) + p (Dr)', find the constants A & p by compairing the co-efficients of like terms and then

integrate the function.
/)
o o
N
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1 1
3. fﬂ-dx—glog

a_

EXERCISE 3.2 (A)

)+c 4.
X

1
J— = n!
f Y dx = sin (a

Integrate the following functionsw. r. t. X : ;s X2 1
3 : —
| (logx)" (sin"'x)2 9—x° x (= 1)
' X VI =X 5 1
\ 1 +x x-sec? (x?) ~ Xx-log x-log (log X)
- xsin (X + log x) Vian® (%) I1. Integrate the following functions w. r. t. x :
5 e¥ (x*+2) . axttan'x cos 3X — cos 4X Cos X
Coe¥+1 (3+1) sin 3X + sin 4x sin (X — a)
. e* - log (sin €¥) e+ 1 sin (X — a)
' tan (&) e>*—1 cos (X + b)
1
9 -4 3 10 ! 4. -
- SIEX-COS™X " 4x + 5x ! sinX-cos X + 2 cos’X
_ inX +
11, X%-sec? (x10) 12, edloex.(xi4 1) Sinx + 2 cosx .
3 sinX + 4 cosX 2 +3 tanX
| ianx . (x—1)° 4ex—25 , 20+r12e
© sin X-cos X S (e+ 1)2 2e*—5 ' 3e*+4
. 2 sinX-cos X > 1 3e>+5 0 ) .
: L= R — . X-cot X
3 cos? X + 4 sin? X VX + X3 4e>—5 con e
17 107 +10*log 10 18 X" 11. tan® X 12. cos’ X
' 10% + X1 S AT AT
13. tan 3X-tan 2X-tan X
+ Vx + 5.4a? + x?
19 2+ Dvx+2 20. x*-vat+x 14. sin® X-cos® X 15. 3eos"%.gin 2x
1 : P |
L 7 4+ 4% + 5x2 sin 6X sin X-cos” X
— - 2 16. — 17. ——
G E 22 3 sin 10X-sin 4x 1 + cos®
(2x +3)?
3.2.3 Some Special Integrals
f 1 d 1 (X 5 f 1 d 1 | X—a
. =— =+ . =— +
x+a atan a)’’ ' -a " 2a % x+a
a+x X

Je

-dx=log (x+Vx2+a?) +¢

1 1
5. fﬁ-dleog(x+\/x2—a2)+c 6. IW

1 1 X
—_— =— -1 —
fx x> —a ox a >’ (ajﬂ:

4

=X
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While evaluating an integral there is no unique substitution, we can use some standard substitutions and try.

No. Function Substitution
1. Va2 —x? X =a-sin 0 (X = a-cos 0 can also be used.)
2. vaz +x? X = a-tan 0
3. X2 —a’ X =a-sec 0
4. a-Xx X =a-cos 20
atx
1 1 X
1. S5 dx=—tan'| —|+¢C
X2+ a a a
Proof :
1
Let = P rar dx
X'Ta Alternatively
X
put X =a-tan @ = tan 6 = " Cosider,
X d[1 (X
ie. 0= tanl[gj axla g te
sdx=a-sec’0 - dO dr1 X d
=—|—-tan’'| — ||+ —C
'j 1 P dx{a an (aﬂ dx
~ ) aranzo+a2 Y
2 1 1 d (xjﬂ)
= che . do T a x)2 dx (a
a¥(tan?0 + 1) 1+ 3
2
_ .[ sec” 0 _ 1 1 1
a-sec’ 0 =— S
a 1+ Xc a
1 -
=—fde &
2 1
1 T 92 024 2
—g+c a? a’+x
a a2
1 (X - !
=—tan'| = |+¢C
a an a X2 + a2
1 b (X Therefore,
2+a2-dX—gtan E +C
X by definition of integration
1 1 X
.dx=—tan"'| — 1 1 X
€.g. fX2+52 dx Stan (5)4-0 fx2+a2-dX:gtanl(g)+C
/
o sOe S
AN
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: 1 x—a Activity :
2. > Z.dX:_log +c
- : N 3 f ! d 11 a+x
. Cdy = — N
Proof : e =g logl —— |+
: Proof : Consid
Let 1 = f ra?'dx onsider,
' __f 1 dx
" xrax-a @ f | d
= | ——— . dx
o R (0.
TR - - dx
2a [x—a x+a| L o
=) %a° + - dx
L L] 2a | . |
“oa JIx—a - dx
2a J|x—a x+a| 1 - o
~oa - - dx
: 2a J| a+Xx
=—Jlog(x—a)—log(x+a)]+c
2a 1
=—-[log(a+x)—log(a—x)]+c
1 | X—a 23
22 %8| x+a )¢ 1
f VLI (. 2a C\ L
Cdy = — N
-a " 2a % (x+a) " f ! d L (b
... . - +
f 1 1. x=3 22— " 2a %la—x)"°
.g. Cdy = .\
e.g -9 dx Zw)bg(x+3j c f 1 d 1 | o
0. Cdy = .\
= 16-x & 2(4) 8l 7 ]*¢

1 X
+ fﬁ'dx:sml(g]w
Proof :
1
1= [ o
X _ [cos6
put x=asin = gneza- - fame'
0 —sin| = [1-do
’ = 0+cC
dx=a-cos0d0
1 j L[
I B e L L LI R e b CY A
! X
a-cos 0 e.g. f—'dXZSin'(—j+c
= e 90 N 5

| 0 '

Get More Learning Materials Here : & m @\ www.studentbro.in



Get More Learning Materials Here : &

5. fﬁ-dXZIOg(X+m)+C
Proof :  Let Izjﬁ-dx
put X=asecb = 0=sec’! [gj
dx = a-sec O-tan 6-dO
1
I = fm -a-sec O-tan 0-d6

a-sec O-tan 0
Va@seo-n 90
a-sec O-tan 0
Vet ang 00
a-sec O-tan 0
- f a-tan®

= fsece-de
= log(secO+tanB) +cC

= log(secO++sec?0—1)+cC

X X2

B PR PO A
X X2

I PR PO A

X+ K- &
= log|——— | +¢
a
= log(x+\/x2—a2)—loga+cl
= log(X+m)+C
where c =c, —loga
1
- X = +yxe—a?)+
Jm dx = log (x + Vx2—a?) +c
1
9. ———ax= + X% — +
e.g fm dx =log (x + VX2—16) +¢c

Activity :

[l

aZ + x?

Proof :

1
-dx =log (x + VaZ+x2) + ¢

use substitution X =a - tan 0

Activity :

1 1 X
—_— = — -1 — +
7. fx v dx 3 sec (aj c

Proof :

1
Letl = fﬁ-dx

X
put Xx=asec6 = O=sec’ (Ej

dx =a-sec O-tan 0-d0O

e.g.

1
fasecew e

tan O

|
o
D

1] 1
| |
D —
Yoo
o o
D

1 X
—ssec’'| —|+¢C
a a

1 1 X
= - dx=—sec'| —|+¢C
XVx2—a a a

1 1 X
_— . - — -1 —
JX\/X2—64 dx g > (8]“:

4
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3.2.4

1 1
In order to evaluate the integrals of type f ot bt dx and f Jacibxrc dx
we can use the following steps.

b c
(1) Write ax> + bx+ cas, a (XZ + 3 + gj , a> 0 and take a or \/a out of the integral sign.

b b
2 (XZ + " Xj or (E X — ij is expressed by the method of completing square by adding and

1 2
subtracting [E coefficient of X] :

(3) Express the quadractic expression as a sum or difference of two squares
ie. ((x+B)2+a?)or(o2— (x + B)2)
(4) We know that [fdx=g(X)+c = [f(x+p)dx=g(x+p)+cC
ff(OLX+B)dX=é9(0tX+B)+C

(5) Use the standard integral formula and express the result in terms of X.

3.25
1

asin?X+bcos®x+c

In order to evaluate the integral of type f
we can use the following steps.

(1) Divide the numerator and denominator by cos? X or sin? X.
(2) In denominator replace sec? X by 1 + tan? X and /or cosec? X by 1 + cot? X, if exists.
1

-t
at?+ bt+c

(3) Puttan X =t or cot X =t so that the integral reduces to the form f

(4) Use the standard integral formula and express the result in terms of X.

3.2.6
. 1 . .
To evaluate the integral of the form . - dx , we use the standard substitution
asinx+bcosx+c
h t
tan =1
2

X ] X 1
Iftan—=t then (i) sec®—-—-dx=1-dt

2 2 2
) 2 2 2 dt
ie.dx = ZX-dt= Zx-dt: T e
— + R
sec 5 1 + tan >
X
) ' 2tan§ 2t
(i1) sz—lJr X~ ¢
tanE

. .
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1 -t
1+t

X
1 —tan®
an2

(ii1) cosXx = X =
1 + tan’—
2

1

Weput tanx=t for the integral of the type j

1

a sin 2X + b cos 2x+ ¢

therefore dx = Tt -dt
. 2t d
sin 2X ie t
-t g
and cos 2Xx = v e t
1
With this substitution the integral reduces to the form f o+ bxtc dx. Now use the standard
integral formula and express the result in terms of X.
@ SOLVED EXAMPLES |
Ex.:  Evaluate:
! 2 f L
1. .f4X2+11.dX : a2 —b2x? X
1 ) 1
Solution: | = f—ll - dx Solution: I = a2 - dx
By G-
1 1 1 .[ 1 d
S e = ey o
) —| -
(%) o)
) ) y f 1 g 1 | a+x
. = — +
f—'dX=—tan1 —|+cC a>—x? X 2a %l a—x ¢
X2+ a? a a a
1 1 b
1 1 X | = — - lo +C
| = — - tan’! c 2 g a
4| (T[T (2 ~x
2 2 b °
a
11 B X
= —. -1 +C
= : tan™' X +C b (ay 2 X
211 VIT 2| b
1 | a+ bx
= — +
2ab 8| a—bx ¢
/

=
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1
s e

Solution : | = f— - dx

f : Wz-dx

s ()

1 1

| Y———=d
[t
“ [

-dx=log | x+Vx2—a?|+c

1 . (V7Y

-log(x+ X_(\/_éj J+C

1 , 7

\/—é-log(x+ X—§J+C

- dx

@l

Jo=

al

1
> f\/3x2—4x+2

1
J - dx
N
XT3 XT3

(oo = (53]

Solution: =

1
:f - dx
4 4 4 2
. 2 4=
\/§\/x 3 X+t g g +3
~ 1
=

j 4 14 7 oy
J@LE**E}(E‘EJ
[
(=3)+(5)

1
& Jx2+8x+12'dx
) 1
Solution : I = fx2+8x+16—4'dx
_ f ! q
R e

f 1 d 1 | X—a
gy = — +
X2 —a? X 2a 08 X+a

1 (x+4)—2
2(2)'1°g((x+4)+2j+c

1 X+ 2
ZIIOg X+6 e

1 1
fx2+8x+12'd =

24

1
f—r“_az-dx:10g|x+\/x2+a2|+c
1 | 2 2\ (V2Y
=—. —— |+ - — — +
3log| | X3 =3+ 3 c
1 | 2 , 4 2

= —- —— |+ —_— R +
3log | | X~ Xm X+ [+ e

. .
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1
o J3—10x—25x2 o

Solution :

- SERPRN

1 2
{(— coefficient of XJ

- GE)-E)-%)

2 11
JR— —_ +___
25 (X T 5% 5 25

P Ty

lf | 5
25°) 3 ( 2 1) . *
X2_

1 f 1 ;
25°) 4 ( 2 1)' X
X2__

I
N
01‘_‘
—
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ucnrene €

Activity :

1
7. f—h+x—x2'dx

Solution: | :J - dx

1 2
{(E coefficient of xj

(zen](3)-4)
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. f sin 2X ’ e%
' in* X — 4 sin It 9 J—-dx
3sin*X—4sin? X+ 1 . m
sin 2X
lution: | = j . Solution :
solution= 1= J 3 G —a ity + 1 & -
eX
put sin’x =t - 2 sin X-cos X-dx = 1-dt | = f : . dx
sin 2x-dx = 1-dt ?—ex
1
- J3t2—4t+1 -t . f—ve_ - dx
2
1 1—(ex)

I
\

R
2 _
3(t 3t+ 3)

1 2
{(E coefficient of tj

1( 4 2_ 22_4 ) j\/e—\/e—
2505 S e

39 9 3
1 1 put er=t
I — . dt
3 tz_it+i _l eX.dx =1-dt
3 9 9
1
| 1 _f
_ ) I = - dt
RO
t—— | | =
3 3 = sin!'(t)+c
A — sinl(e¥) +c
_lbor 3) 3 |,
_ -+ — S| ——-dx=sin"! (eX) +¢C
3 3 3 % — e~

L (33
= . +
%8l 73— |7

| 3sin?x—3
. _— |+
08 3sin?x—1 ¢

N[ — N

j’ sin 2X d
- OX
3sin* X —4 sin? X+ 1

11 3sin?x—3
2 %% 3sinex—1 )7 ¢

. .
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10. f(Ntan x + +/cotx ) - dx 1 J 1 _
1 ' 5—4 cos X
Solution : | :f( tan X + )-dx X
Vian X Solution :  put tanE:t
tan X + 1 d |2
= | ———— - dx —
Vtan X dx = «dt and cosx= 5
1+t 1+t
put tanx=t .. tanX=1?.. X=tan't? »
ST (2
1-dx [+ () 2t- dt - j1—+t2-dt
sec? X -dx = 2t- dt 5-4 -t
1+12
dy = 2t dy = 2t B 2t d
X_secleX_l+‘[an2X'X_1+t4't Lz
2+1 2t 241 _ f It dt
= o =2 Gyt 5(1+t2)—4(1-t?)
] 1 +12
I G - o
= zf 1 dt=2f . dt 5 5t2—4—4t?
1
v+ (t—Tj+2 ) f 2
1 q 1 1 o9t2+ 1
t t——=u =t |=1+—=
P t {dt( tj tZ} |
1 ST
(t—(——j) dt=1-du 1
t? 9 t2+—
9
1 2 1
1+—2 dt=1-du = —|—Q - dt
t 1
! o)
I = 2f > - du
u*+2 2 1 (ot
= —_— . - +
B f 1 L WA tan . C
- 2 - N
u+(V2) 3 3
= 2 : tan™! h + 2
- V2 n V2 ¢ = §~tan‘1(2t)+c
1
t—— 2 B X
= 2 tan"! \/_t +C = gtan 2tan§ +C
2
t2_1 . f 1 dX—E.t -1 2t i +C
= 2 tan’ NeT +C ) 5-4cosx -z )
72 ; tan X — 1
= - tan NeRTE +C
/)
2 L 2
N
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1 1
12. J2—3sin2xldx 13 f3—2sinX+SCosX - dx
X

Solution:  put tanXx =t Solution :  put tanE:t
1 2
=Tre SIn2X=T% C dxm—2
| - 1 +12
1(1+t2} sin X = 2 -dt  and cosx—l_tz
| —J dt 1 +12 1 +1t2

N
= . dt N 2 T 2
f2(1+t2) 320 bt b+t
1+t2 2
_ J J 1 ] _ f 1+t
- soe—gt 7 2(t2-3t+1) t T )3+ -20p+5(0-1)
1 2 1+t?
{E coefficient of tj
{ 3V 9 - f3+3t2 atrs—se O
e (3 i
1 1 - ) 8- 4t—2t2
.y e
t2—3t+z—z+1 = 4 — Ot — t2 dt
) lf 1 ’ _ j dt
T2 ) oy 5 & 4 (t2+2t)
t—3t+z 7 i f »
B lf 1 " - 4- (t2+2t+1—1)
R
2 2 - jS—(t2+2t+1) at
33 !
1 2) 2 = .[ V5)2— ;- dt
= - -1 + (Vo) '—(t+1)
2" (VB ° 3y V5 | °©
2|5 =)ty 1 VE+(t+1) e
= 25 VB (v )
1 | (ﬁ—3—¢§j
= dog | m——F—F=
245 2t—3++/5 X
V5 Vs 1 \/§+1+tan5
1 2tanX—3—+/5 = ‘log +cC
= : 25 X
2x/§log(2tanx—3+\/§ j+c \/g—l—tanz

. .
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1
Activity : 14. fsinx—@cosx - dx
Solution :  put tan%Zt Ldx=o
smXx= . and COSX= . . ...
2
|- f 1[1+t2j dt
........ + 3 e e e e e
2
_ f 1+t dt
e
= f 2 . dt

2
= = P
-t ———
3 3 3
2 | o
B ' 2 1y 1
AR RO TN
3 3) 3

V3

R

2 1
= . dt
@f (o 2=(... )
2 1

= ﬁmlog( —) +C

B S

X

1 1+\/§tan5

= E-log — [|*¢
3—\/§tan5

cucr vene: €

Get More Learning Materials Here : &

Alternative method :

1
14. Jsinx—\/?cosx - dx

Solution : For any two positive numbers a and b,

we can find an angle 0, such that

) a b
simn0=——— and cosO=

/a2_b2 a2_b2

Using this we express sin X — /3 cos X
=+/1+ 3 (cos 0-sin X — sin 6-cos X)
=2-sin (X — 0)

=2-gj T
=2-'sm| X 3

1
[N
i [y &
Y

1 o

E-fcosec (X — gj - dx

1 | o T

J— - | = — +
> og| cosec| X 3 cot| X 3 c
1 X =

E-log (tan (E + gj ) +C
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1
15. J - - dx
3 +2sin?X + 5 cos? X
Solution : Divide Numerator and Denominator
by cos? x

cos? X
3+ 2sin?x + 5 cos? X

- dx

cos? X
sec? X

f3sec 2x+2tan?x+5

- dx

sec? X

3(1+tan®x) +2tan’x +5 - dx

sec? X

5tan? X+ 8 O

sec X

tan? X+—

put tan X =t .. sec? x-dx = 1-dt

1 f 1 it
5 t2+_
5

1 1
= g- W.dt
t2+ -
®
1 1 t
= ——— tan’'

5" 3 V8
V5 V5
11 V5t
= \/_E'Zﬁ'tanl[Z\/fj-'_C

1 1 \'5 tan X
= ————.tan’!| — | +
2410 W T2V ¢

+C

1
. .]‘3+2sinzx+5cosledx_

1 1 \/5 tan X
(X
2y10 P T2y )t

cos 0
16. J -do

cos 30
f cos 0 d6
4c0s°0—3cos0

1
f400529—3 +do

Divide Numerator and Denominator by cos? 6
1

20
f cos . de
4 cos?0—3
cos? 0

sec? 0
—.do
4—3sec’0

Solution : |

sec® 0
f - do
4 —3 (1 + tan? 0)

sec? 0
[0
1 —3tan’0

put tan© =1t .. sec?0-d06=1-dt

_j 1 q
b= 1 —3e

+C

1 | 1++3tan O
L (1+N3tan®h
2v3 2 1-V3tano

fcose 46 1 | 1++3tan 0
) —. =— _ |+
" J cos 30 23 g 1—+3tan 0

. @O .
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EXERCISE 3.2 (B)

I. Evaluate the following :

1 J 1 J 1
: f -3 o 2 ) 5o ™ o) 7aae ™
Cf o o
. ————— .dx . — .dX . ————— .dXx
\V3x2+ 8 V11 —4x2 V2x2 -5
j 9+x d ‘ J 2+X d 0 J 10 + X d
! 9—x & ‘ 2—x & - JNo—x ™
10 j : d 11 J : d 12 J : d
e rgxr 12X )T ™ ) me—20x+17
13 f : d 14 f : d 15 f : d
) 5—4x—3x2 X ) \/3x2+5x+7' X ’ \/x2+8x—20' X
16 f : d 17 f : d 18 f ! d
' V8 —3x+2x% X ' VX—3)(x+2) X ' 4+3costx
j 1 d " Jsinx d
cos 2X + 3 sin? X X ' sin 3x X
Il. Integrate the following functionsw. r. t. x :
S R I S
' 3+25inX.X ’ 4—500sxlX ' 2+cosX—sinX.X
(R A P
) 3+2sinx—cosx.x ’ 3—2c052x.x ’ 25in2x—3.x
[ g [ e [
/- 3+ 2 sin 2X + 4 cos 2X Xe. cOS X — sin X X ’ cosx—\/gsinxl X

/
. O@O .
AN
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pX+q
3.2.6 Integral of the form o+ bxt C bx+ . Nevararerd
. pX+q . . . )
The integral of the form | —————" dx is evaluated by expressing the integral in the form
axt+bx+c

d
A — (ax® + bx+
dX(ax X+ C)

.[ ax? + bx+c

- dx + f ~— v dx for some constants A and B.
X2+ bx+c
d
The numerator, px+q= A - i (ax?+bx+c) +B

d
1.€. Nr=A-—Dr+B
dx

The first integral is evaluated by putting ax? + bx+c =t

The Second integral is evaluated by expressing the integrand in the form either

1 1 1
A2+t20rt2_A20rA2_t2

and applying the methods discussed previously.

X +
The integral of the form f \/% dx is evaluated by expressing the integral in the form

d
A — (ax® + bx+
dx(ax X+ C)

B
Jax +bx+c -dx + f JaCibxic dx for constants A and B.

d
The numerator, px+q= A - i (ax?+bx+c) +B

The first integral is evaluated by putting ax® + bx+c =t

The second integral is evaluated by expressing the integrand in the form either

1 1 1
or or
\ A2 + 12 V12 — A2 VA2 —

- and applying the methods which discussed previously.
t

. .
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@ SOLVED EXAMPLES J

. f 2x—3 d
' 3C+ax+5
. d
Solution: 2x-3 = A-d—x(3x2+4x+5)+B
2x—3 = A(6x+4)+B

(6A) x + (4A + B)

compairing the sides/ the co—efficients of like
variables and constants
6A=2 and 4A+B=-3

A—1 d B 13
= =3 an = 3
1 d a2+ Ay + 5 13
+4Xx+5)+ | ——
fs o T EIT T
3X2+4x+5
fd (3x? +4x+5)d 13 1
3X2+4x+5 X_3 3x2+4x+5lx
J 6Xx + 4 13 1
= —. dx——| — dx
32 +4X+5 3J 32+4x+5
=l-L .. (1)
_f 6x + 4
x2+4x+5

put 3x*+4x+5=t

(6x + 4)-dx=1-dt

_ 1 jl it
=37

1
:E'log (t) +c,

:%-1<>g(3x2+4x+5)+c1

:%-log(3X2+4X+5)

13 1
| =— | —————.dx
2 3 3X2+4x+5
_131 1 d
_3-3- 2+4 +5.X
XXty

1 2
{(— coefficient of tj

(36

9J) 4 4 4 5
X+ ———+—
T 3X%T 9 973

13 1

9 L4 4o
=X+ —+—
XT3X 9T

- dx

- dx

3

RGN

|
|
:
H
g
s\
:
_
+
O

13 y 3X+2
3 m tan TR +C,
thus, from (1), (i1) and (iii)

f 2X—3
3+ x5 X

3X+2
3\]—tan (\/_}LC

(vce,=0)

/
. <)<jx> .
AN
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2. f/i:i-dx
: (x=5) -(x-3) [ (x=5)
Solution : I = f (x—7)-(x—5)'dx = fm-dx

A-;—X(x2—12x+35)+B

X—35

X—35

A(2x—12)+B

(2A) x+ (— 12A +B)
compairing, the co—efficients of like variables and constants
2A=1 and —12A+B=-5

1
= A=— and B=1

2
Ld (- 12x + 35) + (1 1
—— (X2 —12x
| 2 dx )+ (M) o :f -dx
I = -dx 2 A2 —
77x2—12x+35 X*—12x+ 35
1
—12x+35) =f -dx
_Jd 1 dx VX2 —12x+36— 1
VX2 —12x + 35 \/x2—12X+35 f 1
_ . = -ax
= |1 + |2 ..... (1) (X_ 6)2_ (1)2
2x— 12 N f 1 _ X2 _ A2
_f N © ) o = log (X X AT)
put X*—12x+35=t ,  =log((x-6)+V(x—62—1) +c,
(2x — 12)-dx = 1-dt
[ f1 :log((x—6)+\/x2—12x+35)+c2
L = W'dt ..... (iii)
1
= f ﬁ'dt Thus, from (i), (i1) and (iii)
_ X—35
:\/t +C f .
. —7 dx
=\Vx2—12x+35+c¢c, ..... (ii) :'\/xz—12x+35+10g((x—6)+’\/xz—12X+35)+C
(c+c,=c)

. .
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Activity :

Solution: =

H(S_X)X( ) e
)

o
I
x
1

o0
!
x
1
>
~—
)
_|._
W

(8A + B) — 2Ax

A-(;j—x(8x—x2)+B

:”%'dx

(e
- \/8x—x2. X

compairing, the co—efficients of like variables and constants

and —2A =-1

fz EACEOR0

-dx
8X — x2
ix (8x X?)
——f dx+4-f -dx
Vex—x2 \8X — X2
8 — 2X 1
—f dx+4-f -dx
\V8x — %2 V 8X — X2
=L+ (1)
I 1 J 8 —2X
= — . X
b2 8 — X2
Put e, =t
(cerreerrennn )-dx = 1-dt
1 1 g
= | — t
2J A\t
[
vt &
=T+ c,
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|2=4-f 8 -dx
X— X
1
:'f\/_( ..................... )OIX
o

thus, from (i), (i1) and (ii1)

j 8 —X
-dx
X
X—4
:\/8x—x2+4-sin1( 2 }+c
(~c+c=c)
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.\
{ EXERCISE 32 (C) |
I. Evaluate :
. j 3x+4 g 5 ]2x+1 g ; J 2x + 3 d
' x2+6x+5lx ' x2+4x—5'x ' 2x2+3x—llx
x+4 7x + 3 j X—7
4. e —— ) ¢ 5. ——dX 6. -dx
V2x2+ 2x+ 1 N3+ 2x— %2 X—9

[o¢]
\O

. f 9—xd f 3 cos X g feSX—eZXd
' X X ' 4sin® X +4sinx—1 X ' v oeX+1 X

3.3 Integration by parts :

This method is useful when the integrand is expressed as a product of two different types of

functions; one of which can be differentiated and the other can be integrated conveniently.

The following theorem gives the rule of integration by parts.

3.3.1 Theorem : Ifu and v are two differentiable functions of X then

Juv-dx = u-fv-dx—f (C?—Xu) (Jv-dx)-dx

: dw y
Proof : Let Jvdx=w ...() = V= ... (ii)
) d
Consider, ix (u-w)= u-& w + W-& u
_ du
=u-v+ Wd_X

By definition of integration

ﬂ du }
u-w = ||luv+w-— |-dx
dx

d
= [u-v-dx + fw-d—i-dx
du
= fu-v-dx + jd—x-w-dx
du
u-fv-dx = fu-v-dx + f&-jv-dx-dx
d
Juv-dx =u-fv-dx— f(d—xuj (Jv-dx)-dx

Inshort,  Juv=u-Jv—[(u fv)
= ®
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For example :  [x.ex.dx xJex-dx — f(dé—?-jex-dxj-dx
= x-e*— [(1)-ex-dx
= x-e*— fexdx
= x-e*—e‘+c

now let us reverse the choise of U and v

[ex-x-dx

d
% (yvl.dy — ox(y.dx-
e [x!-dx fdxejxdxdx

X2 X?
e*-— — JeX—dx
2 ] 2

—1 X, y2 IJ'XZd
= 2.e.X 2.e.x.x

We arrive at an integral [e*-x2-dx which is more difficult, but it helps to get [e*-x2-dx

Thus it is essential to make a proper choise of the first function and the second function. The first

function to be selected will be the one, which comes first in the orderof L | A T E.

L g
L Logarithmic function.

Inverse trigonometric function.

A Algebric function.
T  Trigonometric function.
E  Exponential function.
& &
For example :  [sin x-x-dx
= [x-sinx-dx ... by LIATE

= x.fsi d—fd fsin xdx-d
= X-|Ss1in X-dx dX'X' S1n X:-AdxX-ax

=x-(— cos X) — [(1) (- cos X)-dx
=—X-cos X + Jcos x-dx

=—XcosX+sinX+cC

= &
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@ SOLVED EXAMPLES )

1. [x2-5%dx
Solution: | =
[x2.5odx =

2. [x-tan'x-dx

Solution: |

[x-tan"'x-dx =

4

X2 [5%.dx — fi-xz-ISX-dx-dx
dx

1 1
X2- 5% —JZX-5X- -dx
log 5 log 5

1 d
X2 5% — { x-[5%dx — | —-x-J5*-dx-dx
log 5 log 5 dx
X2-5% — X-5* : —f(l)(SX : jdx
log 5 log 5 log 5 log 5

-5X-dx}

1
x2.5% — ) -X-5%. —f
log 5 log5 ( log5 log 5

1 1 1
2. 5X — ) X-B*. — .5x. +C
log 5 log5 ( log5 log 5 log 5
X2.5% — X-B% + B+
log 5 (log 5)? (log 5)®

o* 2X 2
X2 - + +C
log 5 log5 (log5)>

[(tan'x-)x-dx ... by LIATE

d
tan~' X- [x-dx — f&-tanlx-fx-dx-dx

X2 1 X
tan ' X-— — —dx

1 1
— X% tan"'X——X+ —tan"'Xx+C
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X
[
1 —sin X
. X (1 + sin x)
Solution: | =

l—sinxl(l+sinx).

X (1 + sin X) X (1 + sin X) 1 sin X
———dx= | ————dx= [ x- + -dx
1 —sin® X cos? X CcOs’ X  COos? X

= [x-(sec?x + secx-tan X)-dx

= [x-sec?x-dx + [x-secX-tan x-dx
d d
= | x-[sec?x-dx — &X-Iseczx-dx-dx + | x-[secx-tanx-dx — &-X-Isecx-tanx-dx-dx
= x-tanx — J(1)-tanx-dx + X-secx — [(1)-sec x-dx
= x-tanX — log (secX) + x-secX — log (sec X + tanx) + C

= X-(secx + tanX) — log (secX) — log (secX + tanX) + C

X
f+ -dx = x-(secx + tanx) — log [(secX) (secX + tanx)] + C
1 —sin X
4.  [e* sin 3x-dx
Solution : 1= [e*: sin 3x-dx
Here we use repeated integration by parts.

To evaluate [e>- sin (bx + ¢)-dx; [e*- cos (bx + ¢)-dx any function can be taken as a first function.

. d :
e [sin 3x-dx — f&-ezx-fsm 3x-dx-dx

1 f 1
= 2X,| — — = 2X, — — .
e ( cos 3X 3J e 2( cos 3X dex

1 2
_ g-ezx-cos 3x + 3 Je?-cos 3x-dx

— 12x 3+2 2xj' 3x-d Jd 2xJ‘ 3x-dx-d
= 3-6 COs oX 3 € Jcos oX-0aX &-e-cos X-0X-0ax

L eecos 3+ = | e sin 3 | - fer2. [ sin 3x— | -d
= — —.@%X. + — X, — | — X. 9. — | .
3 €“7-cos oX 3 e Sin oX 3 € Sin oX 3 X

1 2 _ 4 _
= ——-e*cos 3X + —-e*sin 3X — E-fe”-sm 3x-dx

3 9
I = ——-e*cos 3X+E-ezx-sin X ——I1
3 9 9
4 er . er .
I+§-I = 9[—30053X+251n3x]+c = 13[251n3x—30053x]+c
13 er er
?-I = 3 [2sin3x—3cos3x]+cC . Je*- sin 3x-dx = 13[2 sin 3x — 3 cos 3X ] + ¢

/
. O@O .
AN
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Activity :

Prove the following results.

ax

(i) [e* sin(bx+c)-dx = l[asin(bx+c)+bcos(bx+c)]+c

a2+ b?

ax

(i) [e® cos (bx +c)-dx = po -[asin (bx+c) —bcos (bx+c)] +¢

5. '][ log (log X) +

Solution :

j[ log (log x) +

Note that :

: } -dx
(log x)?

[log (log x)-1-dx + J

-d
(log Xy

d
log (log X)-[1-dx — J& log (log x) [1-dx + j

-d
(log X2

1o
log (1 -—j—-—- d +J d
og (log X)X = | 30 % W * | Gogwr &

1 i
log (log X)- —j d +J d
0g (log X)X = ] 302+ | ogwr &

log (log X)-x — [(log x) '+ 1-dx + J (log x)? -dx

-dx

log (log X)'X _ {(log X)_I'II -dx + f(:j—x (log X)_1 Il -dx-dx } + f (IOg X)Z

-dx

log (log X)X — {(log X)-x — [ — 1(log x)Z.%.x.dx } + f (log ¥’

log (log X)-x — (log X)X — [(log X) 2-dx + f (log X)? -dx

X 1 1
X-log (log X) — —_[ -dx+J. -dx
0g (log X) log X (log x)? (log x)?

]dxzx-log (log x) — +C

1
(log x)? log X

To evaluate the integrals of type [sin' x-dx; [tan"'x-dx ; [sec! x-dx; [log x-dXx, take the second function

(v) to be 1 and then apply integration by parts.

[Vaz—x?-dx; [vaz+x2-dx; [vx?—a? -dx

R0 .
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6. [va2—x2-dx
Solution : Let I = [+a2—x2-1-dx

d
Va2 —x2-f1-dx - fd—x-\/az—x2 J1-dx-dx

1
Va2 —x? -x— ]m(—zx)-(x)-dx

ﬁxjm

(@—x%)
o
\ a2 x2x+f{ —) -dx

\/az X2 \/az_xz

-dx

a2
Va? x2x+f

-dx — [va2 — x2-dx

Vaz—x2 + a?

|
>

\/7

dx —1

1
I = x-\/az—x2+azf
1[a2_X2

X
X'm'l' a’-sin’! (Zj +C

X a> (X C
—var —Xt+t_sm | — |+
2 2 a 2

I+1

2

X a X
JNa?—x2.dx = ?\/a2 — X2+ —-sin’™’ (;) +c, wherec, =

C
2 2

X 9 X
e.g. JN9—x -dx=5-\/9—x2+—-sin1(?j+c

2

with reference to the above example solve these :

X a2
7. JNa?+x?-dx= ?\/x2+a2+?log (x+ \/x2+a2)+c

X a’
8. JVxt—a?.dx= E-\/xz—az— E-log (x+ \/xz—az) +C

/)

. DO
N
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9. [x-sin”'x-dx

Solution : 1 = [sin'x-x-dx ..... by LIATE
d
= sin‘lx-fx-dx—f—-sin‘lx-j'x-dx-dx
dx
X2 1 X2
= sin’!'Xe—— | ———dXx
2 Vi-x2 2
Lo 1f X
= xbsintx— o m X
I I R SO ;
= EX-Sln X—E m -0X
o 1” 1 Uﬂ(z)}d
= —X%sin'x—— - -dx
2 2V V1-x A1-x
1 IJ dx 1
- ylainly—— | — 4+ — 2.
5 Xesin X — - By ZIVI x2-dx
1 1 17X 1
= — v2.cinly — — qin! +—| — _2+_'*1 +
2Xs1nX 2sz 2{2\]1 X 5 sin (X)}C
1 2. 1] 1 1 2 1 |
= —Xsin'x+— w2 1y +
5 Xosin T+ X Xt = psintx+c
J‘-—ld_lz-—l ! 1 21-71
X-sm X X—2X-sm X+4X X 4sm X+cC
Activity :

10. fcos" \/;-dx

Solution :  put Vx =t
X =t
differentiating w.r.t. X
l-dx =2t-dt
| = fcos't-2t-dt

refer previous (example no. 9) example and solve it.

.
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11. [V4+3x—2x2 -dx
Solution : | JN 4 —2x2 + 3x-dx

[ 2l 2 o
for e

7xj-dx

1
{(— coefficient of X

2
3 9 9
= . — | x2—— — |-
! \/Esz [X 2 %16 16j o
3 9 9
= . — | w2 - i .
\/Esz (X 2X+16)+16 dx
41Y 3Y
) \/E'f [4 ]_(X_Tj'dx
X a? X
[Na2—x?-dx= E-\/az—x2+?sin1(;J+c
1) [
X—— 2 2 — -
41 3 4
i CN ) N B
2 4 4 Va1
4
4x-3 | 3 41 4x -3
- : =4 — . gin | ——
\/E{ g 2+2X X+32 Sm(\/ﬁj}-c
4x —3 41 4x -3
VAT 320 dx = N4+ 3x — 2+ sin 1( j+c
8 162 V41
Note that :
3.32:
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To evaluate the integral of type [( px+ q) Vax2 + bx+ ¢ - dx

d
we express the term px+q= A - d—X(ax2 +bx+c)+B

Then the integral will be evaluated by the useual known methods.

(-2

+C

... for constants A, B.

4

OG0
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3.3.3 Integral of the type fex [f(X)+f"(X)] -dx=e*-f(X)+C
Let e*-f(x)=t
Differentiating w. I. t. X
e [ () +1 (9] |=
dx
[EX) + 1 (X)] = o
e [F()+1 (0] =
By definition of integration,
Jex[fe)+f ()] -dx=t+c
Je [T +f (] dx=e*-f(x)+c

e.g. fex[tanx+seczx]-dx:ex-tanx+c
(.. d t — 2 j
i an X = sec? X
@ SOLVED EXAMPLES J
! j’ 2 + sin 2X d 5 f X+2 d
. x| — |, . ex -aX
¢ 1 + cos 2x X (x +3)?
Solution : Solution :
f 2 + 2 sin X-cos X J [X+3—-1
S 2-cos? X ‘dx b= _W}'dx

1 sin X-cos X
ex + 5 -dx
cos? X c0s? X

fex [ sec? x + tan x ]-dx

= fex[tanXJrsecZX]-dx
f(x)=tanx =  f'(X) =sec?X
c e )+ ()] - dx=ex-f(x)+cC

| = eX-tanX+¢C

2 + sin 2X
S| eX| ——————|-dx=e*-tanx +¢C
1 + cos 2X

[ X+ 3 |

= fex (x + 37 + X+ 3)2}dx

[ 1 -1
:fe X+ 3 +(X+3)2}.dx

f(x) =

X+3

c e )+ ()] - dx=ex-f(x)+¢C

1
= x. +
R TR

eX
= + C
X+3

f X+ 2 d ex
X . = +
e{(x+3)2} X=x+3 "¢

. .
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3. J-etanlx {

Solution :

1+Xx+x2
1+x2 ‘dx

put tan'x =t
X=tant

differentiating W. I. t. X

-dx=1-dt

1+x2

et.] 1+tant+ tan?t |-dt
)

Jet-[tant+ (1 + tan?t)]-dt
= fet-[tant+sec?t]-dt

Here f(t)=tant
= f'(t)=sec?t
I = et-f(t)+c
= e'-tant+c
= ew ' X.x+cC

fetan_lx (

1+X+Xx2
1+x2

)-dx = etn'x. x4

Solution :

[o
[o
o

= ')

I. Evaluate the following :
. [x2log x-dx
4. [x2-tan”! x-dx

7. [ sec? x-dx

10. e cos 3x-dx
log (log X
5 fo»').dX
X
16. [ sin 0-log (cos 6)-d0

log X
19. f g -dx
X

o]

o l)z}dx

[x2—1+2
—.dx

(X2+ l)ex
x+1e %

X2+ 1

| (x+ 1)

M x2—1

Tx—1 2

(x+ 1) * (x + 1)2}'dx

Here f(X)=

X—1
X+ 1

X1 (x+ 1)2}'dx

D) -x=DA) 2

(X + 1)
[FE)+f (X)]-dx=ex-f(x)+c

C(x+ 1)

x—1
-dx = e*- +C
X+1

Xx—1
I =e* +C
X+ 1
(X + 1)
| EXERCISE 33
2. [x2-sin 3x-dx 3.
5. [x3-tan™' x-dx 6.
8. [x-sin? x-dx 9.
1. [x-sin! x-dx 12.
j‘t-sinlt ’
14. -dt 15.
Vi-¢

17. [x-cos®x-dx 18.
20. [x-sin 2x-cos 5x-dx 21.

4

[x-tan™! x-dx
[(log x)? -dx
[x3-log x-dx
[x2-cos™ x-dx
Jcos Vx-dx
sin (log X)?
f(fg).log.x.dx

Jcos (\3/; )-dx
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Il. Integrate the following functionsw. r. t. x :

1. e%-sin 3X
4. b5x°+3
7. Nae@+a)

10.  sec?Xx-v/tan? X+ tan X — 7

2. e*-cos2X

5. xeai—xt

8. (x+1)V2x2+3
1. x2+2x+5

I11. Integrate the following functionsw. r. t. X :

1. (2+cotXx— cosec? X)-e*

X X
. ((x+ 1)2}'e

; - (x+\/1—x2j
. @sin X,/ -
V1-x2

9. cosec (logx) [1— cot (log X)]

3.4 Integration by partial fraction :

If f(x) and g (x) are two polynomials then

g (x)

called improper rational function.

f(x
If degree of f (x) > degree of g (X) i.e.

) Remainder
the form Quotient +
g (x)

Lets see the three different types of the proper rational function

denominator g (X) is expressed as

, 0 (X) # 0 where

(1+sinx}
2. — | ¥
1 +cos X

5. % [x (log x)? +2 (log X)]

8. log(1+x)4+0

f(x
g (x)

(
g ()
Remainder

g (x)

(1) a non-repeated linear factors

(i1) repeated Linear factors and

(
g (X

3. sin (log x)

6. Vx=3)7-x)
9. xV5—4x—x2
12. V2 +3x+4

3 [1 lj
e —=—
X X

. . X - logx+ 1
. e X

, g (X) #0 is called a rational algebric function.

is called a proper rational function provided degree of f (X) < degree of g (X) ; otherwise it is

is an improper rational function then express it as in

is proper rational function.

X)
, 0 (X) # 0 where the

(i)  product of Linear factor and non-repeated quadratic factor.
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No. Rational form Partial form
(1) pX2+qgx+r A . B . C
x—a)(x—b)(x—rc) (x—a) (x—-b) (x-¢)
(ii) pX2+qgx+r A . B . <
(x—a)’(x—b) x—a (x—a? ((x—¢c)
(iii) pX2+gx +r A . Bx+C
(x—a) (x*+bx +c) (x—a) x*+bx+c
: PX? + OX + 1 , . : :
Type (i) : J (x—2) (x—b) (x—0) - dx i.e. denominator is expressed as non-repeated Linear factors.
@ SOLVED EXAMPLES |
3X2+4x -5
J(xz— Hx+2)
_ 3X2+4x -5
Solution : | =

G- DD+

. 3X2+4x—5 A B C
Consider, KD+ x+2) = -1 + D) + 72
AX+DxX+2)+BXx—-1)(x+2)+C(x—1)(x+1)
- X— 1) (x+1) (x+2)
X+H4X-5=AX+1H)Xx+2)+BXx—-1)x+2)+C(x—1)(x+1)

atx=1, 3(12+4(1) -5 =A(2)(3)+B(0)+C(0)

|
2= 6A A =—
= 3

atx=—1, 3(-12+4(-1)—5 =A(0)+B (-2)(1) + C (0)
—6=-2B = B =3

atx=—2,  3(=2%+4(-2)-5 =A(0)+B(0)+C(-3)(-1)
1

_1=3C C ———
= 3

5) -3)
X2+ 4x—5 3 3 3

Thus. C-DOFDG*D) x—1) 6F D x*2)

':f<£31+ e

1
= log (k1) +3log (x+ 1)~ log (x+2) +c

+ .dx

xX+1) (x+2) 3
1 [Ty Y S (= 1) (X + 1)
'?Og{ (x+2) }” "f(xz—l)(x+2)'dx‘§°g{ (x+2) %

= &
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f 2x2—3
2 (x2—5) (x2+4)'dX

Solution :  Consider,

2X2—3
(x*=5)(x2+4)

Let X2=m

B 2m -3 . '

Mm-S m+d) .. . proper rational function.

2m -3 A B A(m+4)+B(m-5)
NOW, = + =
(m—=5)(m+4) (m—=5) (m+4) (M —5) (m + 4)
2m-3 =A(m+4)+B(m—5)
atm=>, 25)-3  =A(9+B(0)
7

7=9A = A =—
9

atm=—4,  2(-4)—3 =A(0)+B (-9)
11

_11=-9B B =—
= 9

v BB . B®

TS =S m+d) o5 med T R-50C+h) -5 xi+4

| 5 )

X2—=5 X2+ 4

7 f 1 dx + 11 1 q
9 J x2—(V5)? 9 Jx2+ (22

T x=V57 11 1 l(xj
—gﬁ ogLH_ \/g}+—-—-tan —tc

A S CY L —1£Xj+
_18(V§)'°g{x+ﬁ} I A

j 2x2 -3 e x—\/§+11 ILX}’
§ (X2—5)(X2+4)'X_IS(\/g)-ogL‘*\/g} w2

. .
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1
f (sin 0) (3 + 2 cos 0) -9

- 1 J sin 0
Solution : | = J(sine) (312 cos 0) 6 = (1 —cos?0) (3+2 cos e)de

_J sin 0 "
“J (1—cos 0) (1+cos0) (3+2cos0)

put cos 0=t S, —sin0-do=1-dt
sin 0-d0 =—1-dt
Consid -1 A . B . C
R M- ary @2y T -t () @)

CAF)B+20)+B (I -t)B+2t)+C(1—t) (1 +1)
- (1-t)(1+t)(3+2t)
-1=A(+t)3+2t)+B(1—-t)B+2t)+C(1—-t)(1+1)

att=1, —1=A(2) (5)+B(0)+C (0)
|
“1=10A = A =——
10
att=—1,  —1=A(0)+BQ)1)+C (0)
|
—1=2B B =——
= 2
3 noremonacle )]
att=—=,  ~1=A0+BOC|+5 ||
5 4
“1=-4C =cC=¢

-1 (_%j . (_%] X (%j

(1-t)(1+t)@B+2t) :(l—t) (1+t) (3+2t)

NSRS

A-t) (1+t) @+2t)|

Thus,

1 11 4 1
=——log(1-t)——— log(1+t)+§log (3+2t)—+c

10 -1 2
1 1 4
=—log(1—cosO)——log(l+cos@)+—10g(3+2cos@)+c
10 2 10
1 (1 —cos 0) (3+2cos0)* | |
=— + . m"=m-
o | 108 (1 + cos 0)° c - loga™=m-log a

= &
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1
4 f2 cos X + sin 2X-dx

1 1 1
Solution : | :J . -dx :J . -ax :f ——-ax
2 cos X + sin 2X 2 cos X + 2 sin X-cos X 2 (cos X) (1 + sin x)

B j‘ cos X dy = lf cos X q
T2 coszx(1+sinx). X_?. (l—sinzx)(1+sinx). X

put sin X =t o cos x-dx=1-dt

‘lj 1 ; _1J 1 d-lj 1 ;
T2 (1—t2)(1+t)'t T2 (1—t)(1+t)(1+t)'t‘? (1—t)(1+t)2't

. 1 A B C  AQ+tP+B(I-t)(1+t)+C(1-1)
Consider, T T -0 T dx) a0 (1—t) (1 +1)
I=A(+t2+B(1—-t)(1+t)+C(1—1)
att=1, 1 =A (22 +B (0) +C (0)
| = 4A - A:%
att=—1, 1 =A(0)+B (0)+C (2)
1=2C = C=%
att=0, 1=A1)P+B (1) (1)+C (1)
1 =A+B+C
R .
4Py TRy
1 1 1
@ GG
Thus, =

+ +
A=A+t  a-t) (@Q+t) (1+t)

) G &

L= + + .
f_(lt) 1+t) (1+1t)?

1 (-1
——{— og( - ) +—log(1+t)+ 5 (1(+:)} c

1_11 . 1 11 - -1
51 og ( t)m+4 og ( )+ t}"’C

17 2 1 1 +sin X 2
=3 —log (1 —sin X) + log (1 + sin X) — . }+C =§{log - - - }+C

1 +sin X 1 —sin X 1 +sin X

J’ 1 d 1 | 1 +sin X 2
. = — p— +
2 cos X + sin 2X X 8 8 1 —sin X 1 +sin x

. .
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tan 0 + tan® 0
f C1+tan®e
(tan 0) (1 + tan? 0) (tan 0)-(1 + tan? 6) tan 0 - sec? 0
1 + tan® 0 a0 = 1 +tan® 0 0= Jm
put tan 6 = X o sec?0-do = 1-dx

- [ e i n e
e P T a0 a—x+e) ™

X A Bx+C
= +
(1+x)(1—x+x2) 1+x  (1—-x+x?)

Solution: | =

Consider,

_A(l—x+x2)+Bx+C(1+x)
- (1+x)(1—x+x2)

X A0 —-x+x2)+(Bx+C) (1 +x)=A—Ax+Ax*+Bx +Bx>+ C + Cx
0x*+1x+0=(A+B)x*+(—-A+B+C)x+(A+C)

compairing the co-efficients of like powers of variables.

0=A+B .. (D
1=-A+B+C ...(Il) and
0=A+C ()]
Solving these equations, we get A =—
3) [
_ _X+_
X 3 3 3

(LX) (1 =x+x2) " ] +x +(1—x+x2)

3) \3%73 f f X+ 1
-— + —_— . +_ .
1+x  (I—x+x?) 1+x 1 —Xx+x?

Thus,

IJ dx+ jZX_IHd 0 Xt 1=2x—1
=—— (X + —- -dx — X=X+ 1=2x—
3 1+x 3 2 x¥-x+1 dx

lf 1 g 1 lf2x—1+3 d
=—_. . - .

3J1+x X 3 2 X¥—x+1 X

1 1 1 2x—1 1 3
=—— X+ — | ——-dx+ — | —— -dx

3J1+x 6 X2—X+1 6 X2—Xx+1

[+ +1, . (1V)

= &
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1

1
Z—E[log(ler)]

=—§log(l+tan9)

1

1] 2x—1 g _1 | ,
5 eoxaq W T [log (¥ mx+1)]

=€log(tan26—tan6+l)

(V)

(V)

L S B
2 T ) e—x+1 ¥
_1f 1 ’ 1fﬁ,f2_112_12_1
= —_— 1 X 5 coe cientofx | = 2(—) e
—X+———+
X=X+
lf 1 d
= — . X
" g3
X——|+|—
2 2
1
1 1 1 X_E
= tan +C
2|28 V3
2 (Tj
1 2x—1
:\/—gtan’1 73 +cC
| 1 1 2tan 60— 1 VI
= —tan +
s \/étan 73 c (v
J’tan9+tan39de 11 (1 6) 11 ( » 0 1) 1 lZtane—l
——d0=—— + +— - +1)+—=tan!| ——=— |+
1T tan? 0 3 log tan 6 108 tan tan 73 tan 73 c
| EXERCISE 34
I. Integrate the followingw. r. t. x :
X2+ 2 X2 12x+ 3
xX—1)(x+2)(x+3) +1)(x*—2)(x*+3) 6x°+ 13X — 63
o S
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. 2X
' 4—3x—x?
. 12x2—2x—9
T @e-1)(x+3)
X2+ 3
10.
YR he-2)
3X—-2
13.
(x+ 1) (x+3)
16 :
oxd—-1
19 :
" 2sin X+ sin2X
5. e
22.

(e*+1)(e*+9)

3.5 Something Interesting :

11.

14.

17.

20.

23.

X2+ x—1
X2+ X—6
1
X(x®+1)

2X
(2+x?) (3+x?

5x2+20x + 6
X3+ 2x2 + x

(3sinXx—2) - cos X

5 —4 sin X — cos? X
1

sin 2X + cos X

2logx+3

X (3 log x +2) [(log X)* + 1]

Students/ now familier with the integration by parts.

d
Theresultis  [u-v-dx = u-fv-dx — j(d_xuj (Jv-dx)-dx ,

u and v are differentiable functions of X and u-v follows L I A T E order.

This result can be extended to the generalisation as -

Juv-dx =u-v, — Uy, + Uty —u

(") dash indicates the derivative.

\Y

4

(,) subscript indicates the integration.

This result is more useful where the first function (u) is a polynomial, because

For example :

[x2-cos 3x-dx

+...

12.

15.

18.

21.

6x3+ 5x2 —7
3x2—2x—1
2x2—1
X4+ 9x2 + 20
2)(
4x—3-2x—4
1
X (1+ 4x3 + 3x5)

1
sin X + sin 2X

1
sinX * (3 +2 cos X)

"u
= ( for some n.
Xn

o 1 1 1 ‘ 11
=X '(Sm 3X'§j —(2%) (— cos 3X'§'§j +(2) (— sin 3x-§-§j —(0)

1

=—Xx*sin 3X+ —X-cos 3X——sin 3x+ C
3 9 27

verify this example with usual rule of integration by parts.
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/‘W Let us Remember

&% We can always add arbitarary constant C to the integration obtained :

d
) i.e.d—x-g(x):f(x) = [t -dx=g®+c

f (x) is integrand, g (X) is integral of f (X) with respect to X, C is arbitarary constant.

() ff(ax+b)-dx:g(ax+b)é+c

f n+1 i
(mn (1 f[f(x)]“-f'(x)-dx=%+c (2) ff(i);)-dx=log(f(x))+c

(3)[\/f dx=2vf(x) +c

-l

(V) (1) [x"-dx= -+ ) f— dx=2x +c
(3) [constant (k) - dx =kx + ¢ 4) [a-dx= Oga+c
S “dx=eX+ 6 : dx =1 +
(5) Jer-dx=e*+c (6) f?- x = log (X) + C
(7) fsinx-dx=—cosx+c (8) fcosx-dx=sinx+c
9) ftanx-dX:log (secx) +cC (10) fcotx-dX:log (sinXx) + ¢

11) fsec X -dx= log (secx+tanx) +cC (12) fcosec X-dx = log (cosec X — cot X) + C

R O

(13)J.sec2 X-dx=tanX +C (14) fcoseczx- dx=—cotx+c
(lS)fsecX-tanX-dX:secX+c (16) fcosecx-cotx-dX:—cosecX+C
f . x= sin 18 f —L 1
. = . + . — = +
(17) J1l—% X= sin'X+C (18) J1—% X= cos'X+¢C
f 1 dy = § f -1 dy = .
(19) i X=tan" X +¢C (20) [ X= cot' X+cC
(zl)f ! dx X +C (22) f 1 X +C
X - Vx2—1 X - Vx2—1

. .
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1 1
. =— -1
(23) sz e dx 3 tan

(25)f L tx=—1o

az — x? 2a

=
a
a+Xx
+
g a—X ¢

-dx=10g| X+\/x2—a2|

1 X
—sec!'|—|+cC
a a

X

a2
vaz—x+—sin!'| —|+¢C
2 a

1
@9>.f;‘;?:zﬁ'dxz

(30) [VaZ—x- dxz%

X

(32) [V —a?-dx= 5

where u-v follows the L1 A T E order.
(VD) fe"[f(x)+f'(x)] -dx=ex-f(x)+c

(1)

non-repeated linear factors

1
(Vi) fx2+a2
1

fﬁ—¥
1

— 1
: ————— X
dx f ax’*+bx+c
Method of completing
square
/

dx

1
fasinzx+bcos2X+C.
—Divide Nr and Dr by cos?x

- dx
- dx

1
(VIII) f—-dx —j 1 _
@ i vax?+bx+c o
Er=a
fﬁ'dx L) Ja@+bx+c

1

@) [
f 1 (X

(26) ﬁ-dX—sm (gj+c

1
+e(28) f@fﬁ?

X a2
(31) f\/W- dx:5m+?log(x+m)+c

a2
V=~ log (x+ V¥ =a7) +¢

d
(V) Ifuandv are differentiable functions of X then [u-v-dx = u-fv-dx — f(d—xuj (fv-dx)-dx

: : f(x) f(x)
(VII) For the integration of type m - dx, g (X) # 0 where

(i1) repeated Linear factors and

(i11) product of Linear factor and non-repeated quadratic factor.

X—a
X+a

AN
1
az'dnglotg( j+c

-dx=log| x+\x2+aZ|+c

proper rational function.

g (x)

1
f - -dx
asinXx+bcosx+¢c

X
put tan 5 = t

f pX+q

ax2+bx+c'dX
d
px+q=Ad—X(ax2+bx+c)+B
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KM ISCELLANEOUS EXERCISE 33

(1) Choose the correct option from the given alternatives :
1+x+Vx+x2

R N P e

3

(A)%\/x+1+c (B)%(x+l)%+c (C) Vx+1+c (D) 2(x+1)2 +c

4

1 X
(2 fx+x5-dx—f(x)+c,thenfx+x5-dx—

(A) logx—f(x)+c B) f(x)tlogx+c (C) f(x)—logx+c (D)%XSf(x)+c

f log (3X) dy =

Xlog (9X)

(A) log (3x) —log (9x) + ¢ (B) log (X) — (log 3)-log (log 9x) + ¢
(C) log 9 — (log x)-log (log 3x) + ¢ (D) log (x) + (log 3)-log (log 9x) + ¢
% j’ sin™ X dy =

cos™*2x

©)

tan™ "' X B ) 1 c tan™ X
+ + m+ly 4
T c B)(m+2)tan""'x+c (C)

(A)

+¢c (D)(Mm+1)tan""'x+cC

(5) [ tan (sin'x)-dx =

(A) (1—x2)_%+c (B) (1—x2)%+c (©) t—imTrn))z2+c (D) —V1I-x+c¢
fx—sinx _
©) l—cosX'dX_

(A) xcot (gj +cC (B) —xcot (g] +¢c  (C) cot (gj +cC (D) xtan (gj +cC

i1

sin X sin~1 x
(7) Iff(x)= \/l_xz,g(x):e ,then [ f(X)- g (x)-dx =
(A) e (sin'x— 1) +¢ (B) ™ *- (1 —sin'x) +c
(C) ™. (sin'x+ 1) +¢ (D) ™ . (sin'x — 1) +¢

| 1
(8) If ftan® x-sec®x-dx = (EJ sec™X — (F) sec"X + ¢, then (m, n) =

1
A) 6.3) ®) G.5) © (53] ©) (4. 4)
o o
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(9)

(10)

(In

(12)

(13)

(14)

(15)

(16)

Get More Learning Materials Here : &

1
———dx=
COS X — COS“ X

X
(A) log (cosec X — cot X) + tan [Ej +C

X
(C) log (sec x + tan X) — cot (Ej +C
f v cot X

- .dx =
S X -cos X

(A) 2+cotx+c
fex (x— 1)-dx:

X2
X X

(A)7+c (B)?+c

(B) -2 vcotx+cC

[ sin (logx)-dx =

(A) ; [sin (log X) — cos (log X)] + ¢
(€) ; [cos (log X) — sin (log X)] + ¢
[ x* (1 +log x)-dx =

1
(A) > (I+logx)’+c  (B) x*+c

3 _u
[cos 7 x-sin 7 x-dx =
4
(A) log(sin 7 X)+C
4

(C) ——tan 7 x+cC
4
cos? X — sin? X
o st x 9% =
COS” X +smn” X

(A) sin2x+c (B) cos2x+c¢

j dx
- {dx =
cos X V'sin? X — cos? X
(A) log (tanx— Vtan® X — 1 ) +cC

(C) 1+sin!(cotx)+c

(B) sin2x—cosX+¢C

(D) cos2x—sinx+cC

© %\/cotx+c (D) Vcotx+c

© (x—%j e+ c (D) xe*+c

(B) ; [sin (log X) + cos (log X)] + C
(D) % [cos (log x) — sin (log X)] + C

(C) x*logx+c (D) x*+c

4
(B) 7tan7x+c

3
(D) log(cos7 X)+C

(C) tan2x+ ¢ (D) 2sin2x+¢c

(B) sin'(tanX) +cC

(D) log (tanx+\/tanzx— 1 ) +cC
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log x B
(17) f(l ex)z-dx—
(A)

+C
1+10gx

(B) x(I+logx)+c (C)

(18) | [sin (log X) + cos (log X)]-dx =

(A) xcos (logx) +c¢

(19) j'cos 2x— 1 .

cost+1
(A) tanx—Xx+¢C

e2X + e*ZX
(20) | —dx=

(A) ex —

3e3X + c

(B) sin (logx) +c

(B) x+tanx+cC

(B) e

+

365 +c (C) ex+

(1) Integrate the following with respect to the respective variable :

(1) (x=2yVx
t3

(t+1)

(4)
(7) cos 3X - cos 2X - cos X

(111) Integrate the following :

(1 +1logx)?
R
3 3
(4) xsec (x2)-tan (x2)
. 1
X (1 —cos 4x) (3 — cot 2x)
(10) X3 Ax2—1

(2)
()

(8)

)
()

(8)

X7
X+1
3—-2sinX

cos? X
coS 7X — cos 8X
1+ 2 cosbx

cot (1 —x+x?)

X
log (1 + cos X) — X- tan (Ej
log (log x) + (log x) 2

x+1

) aerxes

1 + logx

3e 3x

1
1 —logx

+C

+cC (D)

(C) cos (logx) +c (D) xsin(logx)+c

(C) x—tanx+c (D) —x—cotx+c

+cC (D) e*— +cC

3e 3x

3

(3) (6x+5)2
6) sin® 0 + cos® 0
sin? 0 - cos? 0

@) cot (1 + sin Xj
co

Ccos X

1
X - sin? (log X)
X2

© e
©) !

2 cosX + 3 sinX

©)

(12) log (x*+1)

X2
13) e sin X * cos X 14 15) ———
(13) &%+ simx - cos U D Gx= 1) Bx=2) (15) S %+ sin 2
(16) sec?X- V7 + 2 tan X — tan? X (17)L (18) ———
' X3+ 3x2—X—3 X-(xX*+1)
tan X
(19) — (20) sec* X -cosec? X
SIn X - cos X
X o o
o S
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